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We study the shear viscosity in an effective hydrodynamic theory and holographic model where the
translational symmetry is broken by massless scalar fields. We identify the shear viscosity, η, from the
coefficient of the shear tensor in the modified constitutive relation, constructed from thermodynamic
quantities, fluid velocity, and the scalar fields, which break the translational symmetry explicitly. Our
construction of constitutive relation is inspired by those derived from the fluid/gravity correspondence in
the weakly disordered limit m=T ≪ 1. We show that the shear viscosity from the constitutive relation
deviates from the one obtained from the usual expression, η⋆ ¼ −limω→0ð1=ωÞImGRTxyTxyðω; k ¼ 0Þ, even
at the leading order in disorder strength. In a simple holographic model with broken translational symmetry,
we show that both η=s and η⋆=s violate the bound of the viscosity-entropy ratio for arbitrary disorder
strength.
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I. INTRODUCTION
In recent years, numerous developments in relativistic
strongly interacting quantum field theory at finite temper-
ature have been made using the gauge/gravity duality
[1–3],1 which reduces the computations of two-point
functions to solving certain differential equations in the
classical general relativity. In the IR limit, if the theory
remains translationally invariant, many theories of this type
can be described using macroscopic variables governed by
the conservation of energy-momentum: the hydrodynamic
theory. Equipped with this description, the Green’s
functions obtained from gauge/gravity duality can be
interpreted in terms of the language of relativistic hydro-
dynamics [9,10] and allow us to predict a universal bound
for transport coefficients [11–16], defined by hydrody-
namics constitutive relations. One of the most interesting
bounds is the shear viscosity/entropy density, η=s ≥ 1=4π
[11], which has been conjectured to be related to the
minimum entropy production of the black hole in the dual
gravity theory [17,18].
Interesting applications of the gauge/gravity duality and
relativistic hydrodynamics have also been found in the
condensed matter systems [19–22]. Despite the fact that the
translational symmetry in such systems is broken due to
lattice/disorder, the transport properties derived in holo-
graphic models [23–52] fit surprisingly well with the
hydrodynamic prescriptions. Moreover, the universal
bounds, similar to those mentioned earlier, have been
proposed [53] and some of them can also be demonstrated
explicitly [54,55]. Recently, the authors of [56–58] also
demonstrated that the DC transport coefficients can be
extracted from the forced Navier-Stokes equations.
Evidence from the works mentioned above hint that there
should be a hydrodynamicslike description for the disor-
dered theory.
If there is indeed a hydrodynamicslike description for the
theory without translational symmetry, one would naturally
ask the following: How would such a description differ
from the standard relativistic hydrodynamics? Which of the
intuitions and universal results in the hydrodynamics are
still applicable?2 In this work, despite the potentially
interesting physics to be explored at strong disordered
theory, we focus on the hydrodynamicslike theory when
translational symmetry is weakly broken as it should be
more closely related to the standard hydrodynamics. We
also restrict ourselves to the types of models where the
translational symmetry breaking is the one in simple
holographic models described below.
In Ref. [19], the effective theory motivated by hydro-
dynamics was proposed to describe the quantum critical
transport where the translational symmetry is weakly
broken. The dynamics of this theory is governed by the
following equations of motion:
∇μTμ0 ¼ 0; ∇μTμi ¼ −ΓT0i; ð1Þ
*piyabut@gmail.com
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1See also reviews [4–8] for applications in condensed matter.
2Some aspect of this question has already been explored
in [35].
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where the index i ¼ 1; 2; d − 1 denotes the spatial dimen-
sions. The dimensionful quantity Γ sets the scale for the
broken translational symmetry and corresponds to the
width of the Drude peak (see, e.g., [44]). The stress-energy
tensor is assumed to have the standard relativistic hydro-
dynamics form
Tμν ¼ ϵuμuν þ pΔμν − ησμν; ð2Þ
where the notation can be found in, e.g., [59] and in
Appendix A. The model successfully captures, in particu-
lar, thermoelectric conductivity and seems to be consistent
with the holographic computations mentioned above; see
also [35] and references therein.
However, the theory described by (1)–(2) has a few
drawbacks. As pointed out in [44,60,61], the above model’s
predictions do not agree with those from the simple
holographic model of [62,63] beyond the leading order
in the derivative expansion. Moreover, the correlation
functions are not correctly related by the Ward identity
derived from (1).
Alternatively, we use insight from holographic models
[28,33,40,44,50,63,64]. In these models the translational
symmetry is broken by the massive graviton or spatially
dependent massless scalar fields in the dual gravity theory.3
We following the terminology of [35] and refer to these
models as theories with mean field disorder. From the dual
theory point of view of the holographic theory with
massless scalar fields, the source ϕi breaks the translational
symmetry explicitly and the conservation of stress-energy
tensor is modified to be
∇μTμν ¼ hOii∇νϕi; ð3Þ
where hOii is the expectation value of the operator sourced
by ϕi. From the point of view of hydrodynamics, the above
setup is equivalent to putting the fluid in the manifold with
background metric gμν and background source fields ϕi,
which breaks translational symmetry. At the equilibrium,
the metric is set to be flat and the scalar sources have the
profile ϕi ¼ mxi. Taking the scalar field ϕi into account,
the constitutive relation will also depend on the scalar
fields, unlike (1). This coupling between fluid and spatially
dependent scalar fields was already explored earlier in [65]
and more recently in [60,61]. The modified constitutive
relation for Tμν generally has more terms than those in (2).
The coefficients in front of the independent structures in the
modified constitutive relations in [60,61,65] are obtained
by the fluid/gravity method [10] for certain gravity dual
theories. However, there should be general relations
between the Green’s function and the coefficients in the
constitutive relations, which may differ from those in the
standard hydrodynamics.4
The purpose of this work is to find a systematic way of
constructing the constitutive relations that also include the
spatially dependent scalar fields and try to answer the
questions mentioned earlier. We pay special attention to
the shear viscosity and the viscosity/entropy density bound.
One of our key results is that the shear viscosity η defined
as coefficients of the shear tensor σμν, beyond the
leading order in the gradient expansion, differs from
the value η⋆ extracted from the standard definition
η⋆ ¼ −limω→0ð1=ωÞImGRTxyTxyðω; k ¼ 0Þ. This can be seen
both from the constitutive relation, where we see that η⋆ is
polluted by the additional terms due to the scalar fields, and
from holographic computation, where η is extracted using
the fluid/gravity method [60,61,65], while η⋆ is obtained by
directly computing the retarded Green’s function.
The body of this work consists of two main parts. In
Sec. II, we focus on the constitutive relation of the effective
hydrodynamics theory while the holographic computations
are discussed in Sec. III. To be more precise, in Sec. II A,
we build up the constitutive relation of Tμν and hOii in
terms of hydrodynamic variables and∇ϕi, up to the second
order in the derivative expansions. The gradient expansion
in this work is organized using the anisotropic scaling of
[60,61]. This procedure is inspired by the construction of
higher order hydrodynamics [10,67–69]. In Sec. II B, we
outline a consistent method to extract the retarded Green’s
function and show that η⋆ also includes the other transport
coefficients, not only the shear viscosity η. We then move
on to the holographic computation, where the action and
thermodynamic quantities are summarized in Sec. III A. We
then compute η=s using the result from fluid/gravity
[60,61] and show that the Kovtun-Son-Starinets (KSS)
bound is violated in Sec. III B. The computation of η⋆=s at
the leading order can be found in Sec. III C, which differs
from the expression of η=s in the previous section. The
numerical profiles of η⋆=s and η=s at arbitrary values of
disorder strength m=T are shown in Sec. III D. We discuss
the results of this work and open questions in Sec. IV. The
three appendixes contain structures in the constitutive
relation and some observations.
II. EFFECTIVE THEORY FOR SYSTEMS WITH
BROKEN TRANSLATIONAL SYMMETRY
In this section, we first outline the procedure of how to
construct the constitutive relation when the zero density
fluid is coupled to the background metric gμν and the
scalar field ϕi. Our expressions are valid only in (2þ 1)-
dimensional fluid but it would be straightforward to extend
them to arbitrary dimensions. Our notation is closely
related to those in [68] and is explained in Appendix A.
3Relations between classes of massive gravity and models with
scalar fields are discussed in [50].
4The readers can find modern reviews of the subjects in,
e.g., [59,66].
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We make a small comment regarding the role of shear
viscosity, η, in the entropy production rate compared to the
conformal fluid. Next, we describe the procedure to extract
the Green’s function from the constitutive relation and the
equation of motion. We show that GRTxyTxy also contains
higher derivative terms even at linear order in ω.
A. Constructing the constitutive relation
Just as in the construction of the standard hydrodynamics
(those with translational symmetry), we expand
Tμν; Jμ; hOii in terms of the macroscopic variables
fE; uμg and background fields fgμν;ϕig order by order
in the derivative expansion along the xμ direction. The
scalar field ϕi is explicitly proportional to xi. Instead of the
usual gradient expansion, we also set the momentum
relaxation scale to be a small parameter as in [60,61].
Let us call this small parameter δ. The magnitude of the
gradient of the fluid variables fT; uμ; gμνg and the momen-
tum relaxation scale m have the following scaling:
∂T ∼ δ; ∂u ∼ δ; ∂g ∼ δ; m ∼ δ1=2: ð4Þ
This is done according to the finding in the previous study
that the momentum relaxation rate Γ ∼m2, e.g., [44].
Therefore, the frequency ω of the fluid is of the same
scale as Γ.
To systematically construct the constitutive relation, it is
convenient to decompose the stress-energy tensor into the
following form:
Tμν ¼ Euμuν þ PΔμν þ tμν; ð5Þ
where we choose to work with the Landau frame, i.e.,
uμtμν ¼ 0. Note that the above assumption might not be
applicable for the theory without translational symmetry in
general. In this work, we assume that the fluid remains
translationally invariant at equilibrium as this also happens
in the holographic models with mean field disorder.
Consequently, around the equilibrium, one can choose
terms E, P such that they contain no derivative in
fuμ; Eg and the scalar fields ϕi only enter tμν as ∇ϕi.
Thus, the nontrivial task is reduced to building the trans-
verse symmetric tensor out of the macroscopic variables
fTðxÞ; uμ; gμν; ∂μϕig and their derivatives up to order δ2.
Note that the constitutive relation in (5) must also satisfy
the equation of motion (3). In other words, the modified
Ward identity (3) implies that the constitutive relations
must satisfy one scalar and one vector equation:
0 ¼ −DE − ðE þ PÞ∇μuμ þ uν∇μtμν − hOiiDϕi;
0 ¼ ðE þ PÞDuμ þ∇μ⊥P þ Δμν∇ρtρν − hOii∇μ⊥ϕi: ð6Þ
Here, we define the derivativeD≡ uμ∇μ and∇μ⊥ ≡ Δμν∇ν.
The above equations put constraints on all scalars and
vectors one can put into the constitutive relation. Using
the first constraint, one may choose to write down a
scalar in terms of the other scalars at the same order. The
second constraint can be used in the same way to
eliminate one vector. We follow the convention of [59]
to eliminate DE and Duμ so that the derivatives of TðxÞ
and uμ only enter the constitutive relation as ∇μ⊥T and∇μ⊥uν. The scalar fields, ϕi, however, contain both
derivatives. Nevertheless, it is still convenient to decom-
pose them into Dϕi and ∇μ⊥ϕi as the former vanishes at
equilibrium uμ ¼ ð1; 0; 0Þ.
The procedure described so far is almost identical to
the construction of the standard relativistic hydrodynamic
constitutive relation. However, we would like to point out
a few caveats in the above construction. First of all,
despite the similarity of the notation, the parameter E is
the energy density, but P is not the pressure. Under our
assumption, the energy density, ϵ≡ T00 ¼ E, as tμν is
chosen in the Landau frame. At order δ1, the spatial
diagonal parts are Txx ¼ Tyy ¼ P. However, terms such
as Δμν∇ðϕÞ2N with N ¼ 1; 2;… may also be part of tμν
at higher order in δ due to the fact that they are not ruled
out by the frame choice. Nevertheless, the correction
terms to P will vanish in the traceless case Tμμ ¼ 0.
Regardless of the ambiguity, the spatial components Tii
of the stress-energy tensor are still not the pressure in the
simple holographic theory [63]. There, the pressure, p, is
obtained from the thermodynamic relation ϵþ p ¼ sT.
Lastly, the scaling scheme (4) implies that the scalar
expectation value Oi must be expanded up to order δ5=2
so that the equation of motion (3) can be solved
consistently order by order. We would also like to
emphasize that it is not necessary to set the scaling
such that ω ∼m2 as in (4).5 The scaling scheme is indeed
convenient to incorporate the effect of broken transla-
tional symmetry into the first order hydrodynamics.
However, it should also be possible to take ω ∼mN
(with N > 2) to take into account the higher order effect
of the translational symmetry breaking scale m. We will
come back to comment on this point later in this section.
We list all possible independent scalars, vectors, and
transverse symmetric tensors, which we used to construct
the constitutive relation up to order δ1 in Appendix A. The
structures of higher order than δ1 can be consistently built
up but the number of independent terms grows very
quickly. For the purpose of our work, we only list the
tensors that would enter the stress-energy tensor.
The most general tensor tμν in (5), expanded up to order
δ2, can be written as
5The constitutive relation for the fluid coupled to the scalar
field with spatial dependence has already been considered in [65].
There, the constitutive relations are expanded with the scaling
scheme ∂u ∼ ∂T ∼ ∂g ∼ ∂ϕ up to the second order in the
derivative expansion.
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tμν ¼ −ησμν − ηϕΦμν − Δμνðζ∇μuμ þ ζ1DϕiDϕi þ ζ2∇⊥μϕi∇μ⊥ϕi − Pð2ÞÞ þ tμνð2Þ: ð7Þ
The scalar, Pð2Þ, and orthogonal tensor, t
μν
ð2Þ, of order δ
2 terms can be written explicitly as6
Pð2Þ ¼ ζτπDð∇μuμÞ þ ξ1σμνσμν þ ξ2ð∇μuμÞ2 þ ξ3ΩμνΩμν þ ~ξ4∇⊥μE∇μ⊥E þ ξ5Rþ ξ6uμuνRμν
þ ξ7ð∇⊥μϕ · ∇μ⊥ϕÞ2 þ ξ8ðDϕ ·DϕÞ2 þ ξ9ð∇⊥μϕ ·∇μ⊥ϕÞðDϕ ·DϕÞ
þ ξ10ð∇μ⊥ϕ ·DϕÞð∇⊥μϕ ·DϕÞ þ ξ11ð∇⊥μϕ ·DϕÞ∇μ⊥E þ ξ12ð∇⊥μϕ ·∇μ⊥ϕÞð∇λuλÞ
þ ξ13ðDϕ ·DϕÞð∇λuλÞ þ ξ14σμνð∇⊥μϕ ·∇μ⊥ϕÞ;
tμνð2Þ ¼ ητπ

hDσμνi þ 1
2
σμν∇λuλ

þ κ½Rhμνi − uρuσRρhμνiσ þ
1
3
ητ⋆πσμνð∇λuλÞ
þ 2κ⋆uρuσRρhμνiσ þ λ1σρhμσνiρ þ λ2σρhμΩνiρ þ λ3ΩρhμΩνiρ þ ~λ4∇hμ⊥E∇νi⊥E
þ λ5σμνðDϕ ·DϕÞ þ λ6ΦμνðDϕ ·DϕÞ þ λ7σμνð∇λ⊥ϕ · ∇⊥λϕÞ þ λ8Φμνð∇λuλÞ
þ λ9Φμνij DϕiDϕj þ λ10Φμνð∇⊥λϕ ·∇μ⊥ϕÞ þ λ11Φμνij∇⊥λϕi∇λ⊥ϕj: ð8Þ
Similarly, the scalar field expectation value hOii can be written in terms of a linear combination of independent scalars
with index i of the scalar fields, ϕi, namely,
hOii ¼ c0Dϕi þ c1ð∇μuμÞDϕi þ c2ð∇μ⊥EÞ∇μϕþ c3ðDϕ ·DϕÞDϕi
þ c4ð∇⊥μϕ ·∇μ⊥ϕÞDϕi þ c5ðDϕ · ∇⊥μϕÞ∇μ⊥ϕi þ Siðδ3=2; δ2; δ5=2Þ; ð9Þ
where Si is a linear combination of scalars of order
δ3=2; δ2; δ5=2 that transforms in the same way as Oi. The
explicit form of Si is omitted as they are not relevant
for the discussion in this work. In the holographic
theory described by the Einstein-Maxwell scalar field
action in, e.g., [63], the stress-energy tensor is trace-
less, Tμμ ¼ 0. Such a condition imposed on tμν implies
that
ζ ¼ 0; ζ1 ¼ 0; ζ2 ¼ 0; Pð2Þ ¼ 0: ð10Þ
Note that, even if Tμμ ¼ 0 resembles the conformal
field theory, this theory is not conformal due to the
presence of a nonzero expectation value hOii.
Moreover, in the computation involving the two-point
function, one can also perturb the fluid velocity as an
additional small parameter. This allows one to ignore
the term proportional to c3 and terms with higher order
of Dϕ in (7)–(9).
Before moving on, let us comment on the above forms of
Tμν and Oi, which are the result of the gradient expansions
to the higher order while keeping the anisotropic scaling
ω ∼m2 ∼ δ. The main reason that causes these expressions
to be so lengthy is the fact that the tensor and scalar
structures were built from ∂u and ∂g at higher order in δ.
Keeping the same scaling and going beyond order δ2 is
simply overkill, since most of the terms in the expressions
similar to those in (8)–(9) are not even entering the two-
point functions’ computations. It would be interesting to
find the constitutive relation for the theory with anisotropic
scalingω ∼mN ∼ δ, whereN is a big number. This way, the
constitutive relation will be able to capture more terms due
to the scalar fields.
We end this section by commenting on the entropy
current. Demanding that the entropy production be positive
locally implies that some of the coefficients in tμν and Oi
are constrained [68,70,71]. In the case where the scalar field
is not present, the entropy current is assumed to have the
canonical form [59]
TSμ ¼ puμ − Tμνuν; ð11Þ
which is reduced to the Smarr-like relation, ϵþ p ¼ Ts,
when uμ ¼ δμt. Upon substituting the equation of motion
and the constitutive relation for the conformal fluid at
6The notation of the first seven terms of Pð2Þ and first eight
terms of tμνð2Þ are adopted from the second order hydrodynamic
constitutive relation of [67–69], where the authors write down the
constitutive relation in terms of fuμ; ln sg. We convert the
derivative of ln s into E using the thermodynamic relation,
dE ¼ Tds. The coefficient ~a≡ a=ðsTÞ2, where a ¼ ξ4; λ4,
in [68,69].
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zero density, one will find that ∇μSμ ¼ ησμνσμν ≥ 0.
Consequently, this inspired the origin of the bound on η
to the minimum entropy production rate of the black hole
[17,18]. It turns out that the entropy production for the
theory with broken translational symmetry is not as
straightforward as in the standard conformal hydrodynam-
ics. Let us demonstrate by considering the theory at order δ.
Assuming that the entropy current takes the canonical
form (11), the entropy production rate contain three addi-
tional terms,
T∇μSμ ¼ ðsT − E − PÞD lnT − hOiiDϕi
þ ηϕΦμνσμν þ ησμνσμν; ð12Þ
where we use the thermodynamic relation, dp ¼ sdT, to
eliminate ∇μp. The first three terms vanish in the absence
of the scalar field but it is not so straightforward to
eliminate or rearrange them to the positive definite struc-
tures. To be more precise, let us expand Oi at order δ3=2 [to
make (3) consistent at order δ3]. One finds that
hOiiDϕi ¼ c0ðDϕ ·DϕÞ þ c1ðDϕ ·DϕÞ∇μuμ þ c2ð∇⊥μ ·DϕiÞ∇μ⊥E þ c3ðDϕ ·DϕÞ2
þ c4ð∇⊥μϕ ·∇μ⊥ϕÞðDϕ ·DϕÞ þ c5ðDϕ ·∇μ⊥ϕÞðDϕ ·∇⊥μϕÞ: ð13Þ
It is likely that one can add vectors that vanish at
equilibrium to the canonical entropy current (11) to
eliminate terms that contain D lnT;∇⊥E;∇μuμ; σμν.
However, we can see that the term proportional to
the coefficients of c0, c3, c4, c5 is already positive
definite. Given a more complicated structure of the
entropy current, it is possible that the entropy could
also be produced by terms other than ησμνσμν. It would
be very interesting to carefully analyze the entropy
production in this type of model, but we leave the
complete analysis of the entropy current in the future
work.
B. Kubo’s formula for η⋆
In this section, we discuss the way to consistently extract
the retarded Green’s function. This method is slightly
modified from the variational method in [59] and is closely
related to holographic computation. Extracting the Green’s
function in this way is also proven to be useful in deriving
Kubo’s formula for higher order hydrodynamics; see,
e.g., [72,73].
The procedure for the variational method can be
explained as follows. Firstly, one puts the system in the
manifoldM with metric gμν and background scalar fields
ϕi. We write down these background fields as their
equilibrium value þ small perturbations, namely,
gμν ¼ ημν þ hμν; ϕi ¼ mxi þ δϕi; ð14Þ
where fhμν; δϕig are small perturbations. At the same time,
we perturb the energy density E and fluid velocity to linear
order fδE; δρ; vμg, which are also small perturbations.
Then, we use the equation of motion (3) to solve for
fδE; δρ; vμg in terms of fhμν; aμ; δϕig. After solving, we
substitute the solution for fδE; δρ; vμg into the constitutive
relation (5).
The stress-energy tensor where fδE; δρ; vμg are written
in terms of fhμν; aμ; δϕig is hTμνi. This is precisely the one-
point function from the field theory point of view. The
retarded Green’s function, GRAB of operator φA and φB,
where φA ¼ fTμν; Jμ;Oig;φB ¼ fhμν; aμ; δϕig, can be
written as
GROiOjðxÞ ¼ −
δ
ﬃﬃﬃﬃﬃﬃ−gp hOiðxÞi
δϕjð0Þ
; GROiTμνðxÞ ¼ −2
δ
ﬃﬃﬃﬃﬃﬃ−gp hOiðxÞi
δhμνð0Þ
;
GRTμνOiðxÞ ¼ −2
δ
ﬃﬃﬃﬃﬃﬃ−gp hTμνðxÞi
δϕið0Þ
; GRTσρTμνðxÞ ¼ −2
δ
ﬃﬃﬃﬃﬃﬃ−gp hTσρðxÞi
δTμνð0Þ
; ð15Þ
where all variations are performed with the subsequent
ϕi ¼ h ¼ 0 insertion. Note that these two-point functions
are not entirely independent. They are related by the two-
point function’s Ward identity derived from (3).
To compute the shear viscosity, it is convenient to start from
aknown result in translational invariant theory. In that case, the
shear viscosity can be extracted from the retarded Green’s
function of the Txy operator. Let us emphasize here again that,
a priori, the relation between shear viscosity η and the two-
point functions is not necessarily the same as in the usual
hydrodynamics. For simplicity, we first study the perturbation
that only depends on time. It turns out that one can bypass
many steps in the above procedure as the stress-energy tensor
δTxy can be written in terms of the fhμν; vμ; δϕi; δEg as
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δTxy ¼ 1
2
Phxy þ
1
2
ηϕm2hxy −
1
2
ðη −m2λ7Þ∂thxy þOðh2Þ;
ð16Þ
where Oðh2Þ denotes the terms that are products of per-
turbations fhμν; vμ; δϕi; δEg. We can see that this component
of the stress-energy tensor is independent of the primary
variables, i.e., fvμ; δEg. Thus, by the Fourier transform
hxyðtÞ ∼
R
dωeiωthxyðωÞ, we immediately arrive at the
two-point function for GRTxyTxy,
GRTxyTxy ¼ ðP þ ηϕm2Þ − iωðη −m2λ7Þ þOðh2Þ;
⇒ η⋆ ¼ η − λ7m2: ð17Þ
This implies that −ω−1ImGRTxyTxy are polluted by the terms
proportional to m2 and, unless one only considers Tμν at
order δ1, the above Kubo formula is not the same as η
in the constitutive relation. Note also that η⋆ ¼
−limω→0ð1=ωÞImGRTxyTxy is also the bound from below at
zero, forω ≥ 0, because of theHermitian property ofTxy. The
relation between this lower bound of η⋆ and the entropy
production is still unclear at this stage.
III. HOLOGRAPHIC COMPUTATION
If we use the effective “hydrodynamics” framework
outlined in Sec. II as a basis to define transport (or
hydrodynamic) coefficients in arbitrary systems, it is then
natural to expect that η and η⋆ are not identical even at the
leading order in δ expansion. However, from the hydro-
dynamic point of view, we do not know whether the
quantities η=s and η⋆=s violate the KSS bound or not.
Moreover, as the coefficient λ7 and possible higher order
corrections are yet to be determined, we do not have an
insight of how η and η⋆ are different before computing them
explicitly.
To investigate these problems, we compute both η=s and
η⋆=s in a simple holographic model and show that both of
them violate the KSS bound. The ratio of η=s can be
computed analytically using the results from fluid/gravity
from [61]. The ratio η⋆=s can also be computed analytically
at small m and ω and is found to be identical to η=s at the
same order of m. Beyond the leading order, they start to
deviate from each other.
To perform a holographic calculation of the shear
viscosity and other thermodynamic quantities, we use a
(3þ 1)-dimensional Einstein-Maxwell-scalar action with a
charged black brane solution ansatz. The scalar fields are
assumed to have a fixed profile that explicitly breaks the
translational symmetry. Thermodynamic quantities of the
black hole are identified with those of the corresponding
fluid. In Sec. III A, we specify the model and compute
thermodynamic quantities. The fluid/gravity calculations
are discussed in Sec. III B, demonstrating the violation of
the KSS bound. Section III C shows the perturbative
calculation of the shear viscosity/entropy density ratio
by Kubo’s formula method. The results of Secs. III B
and III C show that η=s and η⋆=s are not identical even at
small m, as expected. Numerical calculations of η⋆=s are in
Sec. III D. Notably, Fig. 1 shows that the values of the shear
viscosity/entropy density ratio calculated by the two
methods deviate more from one another as m increases.
Section III C discusses them-dependence of shear viscosity
around the self-dual point where the m-dependence around
this point can be approximated analytically and has a
peculiar behavior.
A. Action and thermodynamics
Let us start by specifying the action for the holographic
model where the translational symmetry of the boundary
theory is broken by the massless bulk scalar fields
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Numerical result
Entropy ratio
FIG. 1. Numerical value of the viscosity ratio 4πη=s at zero chemical potential compared with 4πη=s in the fluid/gravity calculation
as a function of m=T. The dotted curve is the ratio 4πη⋆=s computed using Kubo’s formula for η⋆ as described in Sec. III C. The solid
curve (fluid/gravity) is computed from η=s where s ¼ 4πr2h and rh is given by the full expression in (25). We refer to this curve as the
entropy ratio since the value of η is proportional to the entropy density whenm ¼ 0with the same energy density. It is clear that there is a
large deviation between the numerical η and the fluid/gravity η.
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S ¼
Z
M
ddþ1x
ﬃﬃﬃﬃﬃﬃ
−g
p 
R − 2Λ −
1
2
Xd−1
i¼1
ð∂ϕiÞ2 − 1
4
F2

þ Sbnd; ð18Þ
with appropriate boundary and counterterms Sbnd. This action exhibits a simple planar charged black hole solution where
the translational symmetry of the boundary theory is broken explicitly by the scalar fields. For this solution, the background
metric, gauge field, and scalar fields can be written as the following [63]:
ds2 ¼ −r2fðrÞdt2 þ r2dxidxi þ
dr2
r2fðrÞ ; A ¼ AtðrÞdt; ϕi ¼ mx
i;
fðrÞ ¼ 1 − m
2
2ðd − 2Þr2 −

1 −
m2
2ðd − 2Þr2h
þ ðd − 2Þμ
2
2ðd − 1Þr2h

rh
r

d
þ ðd − 2Þμ
2
2ðd − 1Þr2h

rh
r

2ðd−1Þ
;
At ¼ μ

1 −

rh
r

d−2

; ð19Þ
where i ¼ 1; 2;…; d − 1. We denote the chemical potential by μ. For concreteness, we will focus on the theory with d ¼ 3,
which is an arena for many condensed matter systems. The temperature, entropy density, energy density, and charge density
can be written as
T ¼ rh
4π

3 −
m2
2r2h
−
μ2
4r2h

; s ¼ 4πr2h; ϵ ¼ 2r3h

1 −
m2
2r2h
þ μ
2
4r2h

; ρ ¼ μrh: ð20Þ
Finally, the pressure can be computed using the renormal-
ized Euclidean action [63]:
p ¼ hTxxi þm2rh ¼
ϵ
2
þm2rh ¼ sT þ μρ − ϵ: ð21Þ
As mentioned earlier, the pressure here is not the same as
the expectation value hTiii.
In [44], the value of parameter m is restricted to be 0 <
m < rh
ﬃﬃﬃ
6
p
so that the temperature remains non-negative for
μ ¼ 0. Once the density is turned on, the allowed range of
m becomes 0 < m <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6r2h − μ2=2
p
.
B. Coherent regime and constitutive relation
from fluid/gravity correspondence
The background parametrization where we keep the
entropy density fixed is suitable to find the numerical
solution. However, it is more convenient to fix the energy
density in order to compare with the result from fluid/
gravity [60,61] and the constitutive relation constructed in
Sec. II A.
We will work on the zero density case for simplicity. It is
also convenient to introduce a scale r0 related to the energy
density as ϵ ¼ 2r30. In the absence of the scalar field, the
position of the horizon in the gravity dual theory is
precisely rh ¼ r0. The relation between r0 and rh can be
found by the following relation [61]:
0 ¼ 1 −

r0
rh

3
−
m2
2r2h
: ð22Þ
This relation can be found by equating the energy density
where m ¼ 0; r ¼ r0 and the case where m is nonzero
given in Eq. (20). The coefficients in the constitutive
relation of Tμν for the theory with zero density were found
using the fluid/gravity computation [61], where Tμν is
expanded up to order δ in the anisotropic scaling (4), to be
E ¼ 2r30; P ¼ r30; η ¼ r20; ηϕ ¼ r0: ð23Þ
Interestingly, if one fixes the energy density and starts to
slightly break the translational symmetry, the shear vis-
cosity remains unchanged. Now, the entropy density can be
found, in terms of r0, using (20) and (22) as
s ¼ 4πr2h ¼ 4π

r20 þ
m2
3
þOðm4Þ

: ð24Þ
Note that the full expression of rh is given by
rh ¼
 ﬃﬃﬃ
6
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
54r60 −m6
q
þ 18r30

2=3 þ 61=3m2
62=3
 ﬃﬃﬃ
6
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
54r60 −m6
q
þ 18r30

1=3
: ð25Þ
This immediately implies the violation of the KSS
bound [11] as
η
s
¼ 1
4π

1−
1
3

m
r0

2
þOðm4Þ

; rh ¼ r0þ
m2
6r0
þOðm4Þ:
ð26Þ
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For completeness, we write down the coefficients ci in the
constitutive relation of hOii obtained from fluid/gravity
[61], i.e.,
c0 ¼−r20; c1 ¼ r0ð1−λÞ; c2 ¼−
ð1þλÞ
2r30
;
c4 ¼−
1
6
; c5 ¼
2
3
; ð27Þ
where λ can be found analytically for μ ¼ 0 to be
λ ¼ − 1
2

π
3
ﬃﬃﬃ
3
p − log 3

: ð28Þ
The coefficient c3 is not specified as it depends on ðDϕÞ3
and is subleading in the expansions uμ ¼ δ0μ þ vμ men-
tioned in Sec. II A. It is interesting to observe that the value
of −2λ ¼ π=3 ﬃﬃﬃ3p − ln 3 is identical to the coefficient of m2
in Eq. (49) of η=s calculated to ωm2 ∼ δ2 order.
Incidentally, λ appears in the two terms of order δ2 in
Eq. (9) of hOii. It is possible that this is not a coincidence
and the two quantities are actually the same.
We will not discuss the details of the transport coefficient
at finite density, ρ ≠ 0, but would like to mention that the
relation between rh and r0 in that case can be found by
solving
0 ¼ 1 −

r0
rh

3
−
m2
2r2h
þ ρ
2
4r4h
: ð29Þ
The ratio between the entropies when m ¼ 0 and nonzero
value of m at the fixed energy density, in this case, at the
leading order, is found to be
η
s
¼ 1
4π

1 −
ð2m=r0Þ2
12 − ρ2

þ higher order terms: ð30Þ
The above relation indicates that the shear viscosity/
entropy density decreases more rapidly with the density.
C. Fluctuations and violation of the viscosity
bound at leading order
Let us focus on the computation in the asymptotic AdS4
space. We will choose the direction of the metric fluctua-
tions to propagate in the x direction, i.e., ~k · xˆ ¼ k, and
consider the shear viscosity with respect to the
perpendicular directions. In asymptotic AdS4, the metric
fluctuation can be split into those with odd and even parity
under y↔ −y. We are interested in odd parity modes,
namely, fhyx; hyr; hyt g. In the presence of the two massless
scalar fields, ϕ1;ϕ2, in AdS4, only the fluctuation δϕ2
couples to the odd parity channel. The full equations of
motion of the relevant modes are
d
dr
½r4fðhy0x − ikhyrÞ þ ωf ðωh
y
x þ khyt Þ −m2hyx þ ikmδϕ2 ¼ 0; ð31Þ
d
dr
½r4ðhy0t þ iωhyrÞ −
k
f
ðωhyx þ khyt Þ −
m2
f
hyt −
iωm
f
δϕ2 þ r2a0yA0t ¼ 0; ð32Þ
d
dr
½r4fðδϕ02 −mhyrÞ þ
1
f
ðω2 − k2fÞδϕ2 −
m
f
ðiωhyt þ ikfhyxÞ ¼ 0; ð33Þ
iωhy0t þ ikfhy0x − ðω2 −m2f − k2fÞhyr −mfδϕ02 þ
iω
r2
ayA0t ¼ 0: ð34Þ
The combination of Eqs. (31) and (33) gives
d
dr
ðr4fΨ0Þ þ ω
2 − ðk2 þm2Þf
f
Ψ ¼ 0; ð35Þ
where ΨðrÞ ¼ Ψy ≡ hyx − iðk=mÞδϕ2. The scalar field gen-
erates a mass term for the metric perturbation hyx
proportional to its profile parameter m2. It also breaks
the translational invariance with respect to the infinitesimal
shift in the y direction.
To find the shear viscosity, we study the near boundary
behavior of ΨðrÞ ¼ Ψð0Þ þ r−3Ψð3Þ, which is equivalent to
hyxðrÞ ¼ hyð0Þx þ r−3hyð3Þx in the k → 0 limit. Plugging this
into the on-shell action gives [44]
S ¼
Z
dωdk
ð2πÞ2
3
2ðk2 þm2 − ω2Þ ½h
yð0Þ
x fðm2 − ω2Þhyð3Þx − imkδϕð3Þ2 g þ δϕð0Þ2 fimkhyð3Þx þ ðk2 − ω2Þδϕð3Þ2 g
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and then we apply the formula for the “shear
viscosity,” i.e.,
η ≡ −lim
ω→0
1
ω
ImGRTxyTxyðω; k ¼ 0Þ ¼
3
ω
Im

Ψð3Þ
Ψð0Þ
				
ω→0
:
ð36Þ
The equation of motion (35) can be solved analytically
for the small ω, m limit. However, for the large m
limit, one is required to solve it numerically. The
numerical procedure to find η is straightforward as
one only needs to impose the ingoing boundary
condition in the region close to the horizon, namely,
Ψinner ¼ αþfðzÞ½−iω=ð3−m
2
2
−μ
2
4
Þð1þ að1 − zÞ
þ bð1 − zÞ2 þ cð1 − zÞ3Þ; ð37Þ
where we define the new coordinate to be z ¼ rh=r. We
present the numerical results in Sec. III D.
Let us proceed by solving (35) analytically at the leading
order in m2. In the following calculation, the dimensionful
parameters, ω, m, μ are rescaled by the horizon radius rh to
make them dimensionless. For simplicity, let us focus on
the case where μ ¼ 0, k ¼ 0. The gauge invariant field Ψ
is assumed, consistently, to have the following expansion
in m2:
Ψ ¼ fðzÞiω=f0ð1ÞSðzÞ;
SðzÞ ¼ AðzÞ þm2BðzÞ þOðm4Þ; ð38Þ
where at each m order we expand with respect to ω,
AðzÞ ¼ A0ðzÞ þ ωA1ðzÞ þ ω2A2ðzÞ þOðω3Þ; ð39Þ
BðzÞ ¼ B0ðzÞ þ ωB1ðzÞ þ ω2B2ðzÞ þOðω3Þ: ð40Þ
The equation of motion at Oðm0Þ order after substituting
(38) into Eq. (35) when k → 0 is
0 ¼ A00ðzÞ − 2þ ð1 − 2iωÞz
3
zð1 − z3Þ A
0ðzÞ
þ ω
2ð1þ zþ z2 þ z3Þ
ð1 − zÞð1þ zþ z2Þ2 AðzÞ: ð41Þ
This equation can be solved perturbatively by substituting
(39) and solving order by order in ω. Once we obtain the
solution satisfying the appropriate boundary condition, it
can be used to solve for the solution at the higher order
in m.
The equation of motion at Oðm2Þ order [the coefficient
of m2 in (35)] in the k → 0 limit is given by
0 ¼ zð4iωþ 2iωz
3 þ 3z2 þ 3z − 6ÞA0ðzÞ
6ð1 − zÞðz2 þ zþ 1Þ2
þ gðzÞAðzÞ
3ð1 − zÞðz2 þ zþ 1Þ3
þ B00ðzÞ − ð2þ ð1 − 2iωÞz
3ÞB0ðzÞ
zð1 − z3Þ
þ ω
2ðz3 þ z2 þ zþ 1ÞBðzÞ
ð1 − zÞðz2 þ zþ 1Þ2 ; ð42Þ
where
gðzÞ≡ ð−iωþω2z5 þ ðω2 − iω− 3Þz4 þ ðω2 − 2iω− 6Þz3
þ 3ðω2 − iω− 3Þz2 þ ð−6− 2iωÞz− 3Þ: ð43Þ
The boundary conditions of A0ðzÞ; A1ðzÞ; A2ðzÞ are set as
the following:
A0ð0Þ ¼ 1; jA0ð1Þj < ∞;
A1ðz ¼ 0; 1Þ ¼ A2ðz ¼ 0; 1Þ ¼ 0: ð44Þ
We can solve to obtain A0ðzÞ ¼ 1; A1ðzÞ ¼ 0 so that
AðzÞ ¼ 1þ ω2A2ðzÞ. The full expression of A2ðzÞ is
lengthy but since we are interested in its behavior near
z ¼ 0, we can Taylor expand AðzÞ, giving
AðzÞ ¼ 1þ ω2

z2
2
−
z3
54
ð18þ
ﬃﬃﬃ
3
p
π − 9 ln 3Þ

þOðz4Þ:
ð45Þ
The function BðzÞ can also be straightforwardly solved in a
perturbative way by substituting AðzÞ into (42) and solving
order by order in ω. Requiring the boundary condition
B0ð0Þ ¼ 0; jB0ð1Þj < ∞, the leading order solution is
B0ðzÞ¼
1ﬃﬃﬃ
3
p

arctan

1þ2zﬃﬃﬃ
3
p

−
π
6

− ln
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
4
þ

1
2
þz

2
s !
:
ð46Þ
The resulting functional form is a lengthy expression
satisfying the boundary condition. The next to leading
order solution, B1, can be obtained in a similar way by
requiring B1ðz ¼ 0Þ ¼ B1ðz ¼ 1Þ ¼ 0. Again, since we are
interested in the behavior of BðzÞ near z ¼ 0, we can Taylor
expand to get
BðzÞ ¼ − 1
6
ð3þ iωÞz2 þ z
3
3

1þ iω
9
ð3þ
ﬃﬃﬃ
3
p
π − 9 ln 3Þ

þOðz4Þ: ð47Þ
The perturbative solution is thus
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ΨðzÞ¼ 1− z
2
6

3ðm2−ω2Þþ iωm
4
m2−6

þ z3

iωðm2−2Þ
m2−6
þm
2
27
½9þ iωð3þ
ﬃﬃﬃ
3
p
π−9 ln3Þ−ω
2
54
ð18þ
ﬃﬃﬃ
3
p
π−9 ln3Þ

þOðz4Þ:
ð48Þ
Then the shear viscosity can be calculated by the usual
relation
η⋆ ¼ lim
ω→0
3
ω
Im

Ψð3Þð0Þ
Ψð0Þð0Þ

≃ 1 −m2

ln 3 −
π
3
ﬃﬃﬃ
3
p

; ð49Þ
where we expand Ψ¼Ψð0Þ þΨð1ÞzþΨð2Þz2þΨð3Þz3þ .
Interestingly, the coefficient of m2; π=3
ﬃﬃﬃ
3
p
− ln 3, is
identical to the value of −2λ in (28) calculated from the
fluid/gravity approach. We speculate that the two quantities
could actually be related despite being at different orders in
the derivative expansion.7
D. Numerical results and beyond the leading order
In this section, we solve the equation for Ψ numerically
with fixed rh ¼ 1, using the procedures outlined in the
previous section. The purpose of these numerical compu-
tations is twofold. First of all, we would like to check the
validity of the analytic computation and the prediction from
fluid/gravity when the disorder strength is small. Secondly,
it would be interesting to see the pattern of how the retarded
correlation GRTxyTxy behaves at higher order. The main point
of the latter part is to emphasize that, when the higher order
in δ is included, the quantity η ¼ −ω−1ImGRΨΨjω→0 is not
the value of η in the constitutive relation. This is due to the
fact that the two-point function is polluted by the term of
the form ðscalarsÞσμν, e.g., λ7σμνð∇⊥ϕÞ2 in (8).
In Fig. 1, we demonstrate that both η=s and η⋆=s violate
the KSS bound. The violation of the KSS bound for η=s can
be understood as η is only sensitive to r0 as we pointed out
in Sec. III B. On the other hand, the violation of η⋆=s comes
from the change in entropy and the higher order terms in the
δ expansion. Interestingly, our numerical result indicates
that the difference η − η⋆ increases monotonically as
m=T grows.
We can also consider what happens in the finite chemical
potential case. In Fig. 2, we can see that the ratio η⋆=s
violates the bound for even small values of m. The
numerical value of η⋆=s decreases more rapidly as the
chemical potential increases. Although we do not have an
analytic expression to see the explicit μ=rh dependence,
this feature can already be observed at small values ofm. In
the regime where the difference between η⋆ and η is small,
the above feature agrees with the prediction from (30).
A simple Mathematica code used to produce plots in this
section is available upon request.
IV. DISCUSSIONS AND OUTLOOK
We follow up on the insight from [60,61], which
suggests that a fluid coupled to the background spatially
dependent scalar fields ϕi is an accurate and consistent
framework to study the hydrodynamic behavior of the
theory with broken translational symmetry. We construct
the constitutive relation to order δ2 and show that the
standard hydrodynamic formula we used to extract the
usual shear viscosity, η, is no longer applicable when
the scalar fields are included in the constitutive relation.
With the modified constitutive relation, we speculate that
the shear viscosity may not be the only channel to produce
the entropy. However, the correct form of the entropy
current has yet to be found. Thus, our constitutive relation
should be considered as the worst case scenario, where no
hydrodynamic coefficient is constrained by the positivity of
local entropy production and we cannot make a clear
statement on the minimum entropy production conjecture
of [17,18]. It would be very interesting to make the entropy
production rate argument more precise in this class of
theories and study the manifestation of the minimum
entropy production conjecture in this class of theory,
particularly, the possible connection between the conjecture
and the universal bound in disordered systems [53–55].
Regarding the holographic computation, we have ana-
lytically and numerically computed the shear viscosity per
entropy density ratio, η=s, in the finite-density holographic
models with translational symmetry breaking for an
FIG. 2. The numerical profile of 4πη=s with respect tom=rh at
various μ=rh, where η ¼ −ω−1ImGRΨΨjω→0 for different chemi-
cal potentials. Each curve truncates at zero temperature, where
m=rh ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6 − μ2=2r2h
p
.
7We would like to mention that the expression for η⋆=s here
agrees with those presented in [74,75].
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asymptotically AdS4 spacetime. The analytic computation
has been done using a perturbative method order by order
in m2 and ω. The ratio is found to violate the KSS bound
η=s ¼ 1=4π for arbitrary translational symmetry breaking
parameter m. In 4 (d ¼ 3) dimensions for small m, the
ratio is
4πη
s
≃ 1 −m
2
r2h

log 3 −
π
3
ﬃﬃﬃ
3
p

þOðm4Þ:
At larger m, the deviation of η=s and η=s grows as we can
see from Fig. 1. Incidentally, the difference η − η⋆ is
monotonically increasing. As we saw that the difference
is caused by the higher order terms, e.g., λ7, it would be
interesting to understand whether the coefficient λ7 and
other terms participating in η⋆ are constrained by some
underlying principles or not.
A simple explanation of the violation of the KSS bound
is the entropy contribution from the scalar fields. In the
presence of the translational symmetry breaking scalar field
profile, the entropy is increased as we can see from the
enlarged horizon in Eq. (24). On the other hand, the shear
viscosity remains insensitive to m at the leading order. The
η=s ratio thus becomes smaller than the KSS bound for any
m. Remarkably, the violation persists even in the zero
temperature limit shown in Appendix B where the degree
of violation depends on the chemical potential μ through
dependency on m. Inspired by the viscosity bound viola-
tion, it is interesting to investigate other hydrodynamic
bounds in the translational symmetry breaking axion-
gravity model. First, let us consider the sound speed bound
c2s ≤ 1=2 [14]. From Eq. (20), we might think that the
sound speed cs should be calculated from p ¼ m2r0 þ ϵ=2
by the quantity ð∂p=∂ϵÞ. But if we choose to fix m, μ, then
∂p
∂ϵ
				
m;μ
¼ 1
2
þm2 ∂r0∂ϵ
				
m;μ
¼ 1
2
þ 2m
2
μ2 þ 2ð6r20 −m2Þ
≥
1
2
:
ð50Þ
For m ¼ 0, this quantity saturates the bound
ð∂p=∂ϵÞ ≤ 1=2. However, when m is turned on, the above
definition of the speed of sound violates the sound-speed
bound. A more consistent candidate for c2s is the quantity
ð∂P=∂EÞ as the modified constitutive relation has the
following sound pole,
ω2 −
∂P
∂E
				
μ;μ
k2 þ    ¼ 0; ð51Þ
instead of the physical pressure p in the standard hydro-
dynamics. Using (23), the speed of sound bound is trivially
satisfied,
c2s ≡ ∂P∂E ¼
1
2
; ð52Þ
saturating the sound-speed bound regardless of the trans-
lational symmetry breaking. The other interesting bound
related to the sound speed is the bulk viscosity bound [12]
for d ¼ 3,
ζ
η
≥ 2

1
2
− c2s

: ð53Þ
Since in our model the fluid is traceless so that the bulk
viscosity ζ ¼ 0 [63], the bulk viscosity bound is trivially
saturated.
One obvious next goal is also to find an effective
hydrodynamic framework for a theory with strong disorder.
As we also mentioned earlier, the main obstacle for the
current framework is due to the complexity when one
includes higher order terms in gradient expansions. It
would be interesting to find a constituent way to incorpo-
rate terms higher order in ∇ϕi without including higher
order hydrodynamic terms containing ∂u and ∂g. In fact,
the formalism to extract DC conductivities from a forced
Navier-Stokes equation has been recently developed in
[56–58] without invoking the derivative expansions. The
connection between this method and the one studied in this
work has been discussed in [61]. It would be interesting to
see how robust the connection between the two frameworks
is when one includes higher order terms in ∇ϕ.
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APPENDIX A: SCALARS, VECTORS, AND
TENSORS FROM BASIC STRUCTURES
The constitutive relation of the “hydrodynamic” effective
theory in this work is constructed from the local
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macroscopic variables EðxÞ; uμðxÞ and the background
fields gμνðxÞ;ϕiðxÞ. For simplicity, let us work at zero
density. To find the structures that enter the constitutive
relation, we organize the scalar, vector, and tensor at each
order in the expansion in δ.
(i) Structures of order δ0: For the system where the low
energy limit is homogeneous, as considered in this
work, the zeroth order term cannot explicitly contain
the scalar field ϕi ¼ mxi. The objects at this order
are
Scalar∶ EðxÞ
Vector∶ uμðxÞ
Tensor∶ uμuν;Δμν: ðA1Þ
The projector, Δμν ¼ gμν þ uμuν, is orthogonal to
the 4-velocity, i.e., Δμνuμ ¼ 0.
(ii) Structures of order δ1=2: Terms at this order can only
be linear in the derivative of ϕi as the expansion in δ
is organized using anisotropic scaling,
Scalar∶ Dϕi
Vector∶ uμDϕi;∇μ⊥ϕi; ðA2Þ
where we introduce the notation for the directional
derivative along the direction of the 4-velocity as
D ¼ uμ∇μ and the derivative perpendicular to uμ
as ∇μ⊥ ¼ Δμν∇ν.
(iii) Structures of order δ1: The basic structure at this
order can be constructed from ∇E;∇u, and ð∇ϕiÞ2.
We only construct the tensors orthogonal to uμ, and
the Landau frame uμtμν is chosen. Combining these
objects together, we obtain
Scalar∶ ∇μuμ; ðDϕiÞðDϕjÞ;∇⊥μ ϕi∇μ⊥ϕj
Vector∶ uμDϕiDϕj;∇μ⊥E;∇μ⊥ϕiðDϕjÞ;
Tensor∶ σμν;Φμνij ; ðA3Þ
where σμν and Φμνij are defined as
σμν ¼ 2ΔμαΔνβ∇ðαuβÞ − Δμνð∇λuλÞ;
Φμνij ¼ ∇μ⊥ϕi∇ν⊥ϕj − 12Δ
μνð∇⊥λϕi∇λ⊥ϕjÞ: ðA4Þ
The trace of tensor Φμνij over the index i, j is denoted
by Φμν ¼P3i¼1Φμνii . To avoid the cluttering of
indices, we denote ϕ · ϕ ¼Piϕiϕi and
Φijϕiϕj ¼
P
i;jΦijϕiϕj. Note also that ∇μuμ is
equivalent to ∇⊥μuμ since uμDuμ ¼ 0.
(iv) Structures of order δ3=2: The only relevant part in the
constitutive relation that requires structure at this
order is hOii. Thus, we need to construct scalar
objects under a spacetime transformation which
contains the index i of the scalar fields ϕi. All
possible combinations of objects that satisfy the
above requirements are listed below:
Mixed term∶ ð∇μuμÞDϕ;∇⊥μϕ∇μ⊥Eϕi;
Pureϕi terms∶DϕiðDϕjDϕjÞ;ðDϕiÞðΔμν∇μϕj∇νϕjÞ;
ðDϕjÞðΔμν∇μϕi∇νϕjÞ: ðA5Þ
APPENDIX B: ZERO TEMPERATURE
In this section, we numerically calculate the shear
viscosity of the holographic “fluid” at zero temperature.
Due to large fluctuations as T → 0, the solution form in
Eq. (37) is not suitable for the numerical calculation. To
reduce fluctuations in the phase factor, we set T ¼ 0, fix
rh ¼ 1, and change the coordinate.
For the extremal configuration at T ¼ 0, since
μ2 ¼ 2ð6 −m2Þ, the emblackening factor fðrÞ becomes
fðrÞ ¼ 1
2

1 −
1
r

2

2þ 4
r
þ 6 −m
2
r2

: ðB1Þ
In order to numerically solve for the solution at zero
temperature, due to the double pole nature of the emblack-
ening factor fðrÞ at r ¼ 1, we assume the solution in the
inner region to be in the following form:
Ψinner ¼ βþe½
−2iω
12−m2
1
1−rð1þ aðr − 1Þ−3 þ bðr − 1Þ−2
þ cðr − 1Þ−1Þ: ðB2Þ
From Eq. (36), it is apparent that the normalization constant
βþ is not relevant to the viscosity calculation. The above
choice is motivated by the near-horizon spacetime structure
0.5 1.0 1.5 2.0 2.5
m rh
0.2
0.4
0.6
0.8
1.0
4 π η*
s
FIG. 3. The ratio 4πη=s at finite chemical potential and zero
temperature for rh ¼ 1. The chemical potential is given by
μ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð6 −m2Þ
p
.
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ds2 ¼ 2
12 −m2
1
ρ2
ð−dt2 þ dρ2Þ þ ðdx2 þ dy2Þ; ðB3Þ
an asymptotically AdS2 × R2, where we performed the
coordinate transformation
ρ ¼ 2
12 −m2
1
r − 1
; ðB4Þ
and fðrÞ≃ 2=ð12 −m2Þρ2.
At zero T, the viscosity entropy density ratio is nonzero
but also violating the bound as is shown in Fig. 3. Since we
keep rh ¼ 1 fixed, the limit μ→ 0 can be obtained only
when m →
ﬃﬃﬃ
6
p
, maximally violating the translational
symmetry. In this limit, the shear viscosity becomes zero.
It should be noted that even at zero temperature, the
viscosity is zero only when the translational symmetry
breaking parameter m is maximal (m ¼ ﬃﬃﬃ6p ) for fixed
rh ¼ 1. In contrast, the shear viscosity at finite T can only
go down to a certain nonzero value, as we can see
from Fig. 2.
APPENDIX C: VISCOSITY AT
THE SELF-DUAL POINTS
In Sec. III C, the shear viscosity is analytically computed
at small m, which agrees with the numerical results. For
largem, the deviation of numerical results from the smallm
approximation becomes apparent. In this section, we
calculate the m dependence around the self-dual points
in the AdS4 translational symmetry breaking models [44],
where the expression for η⋆=s can be found analytically.
The results presented here agree with those in the numerical
section. We would like to point out the peculiar relation
η⋆=s ∼ 1=m around the self-dual point.
The 12 equations of motion of the metric and scalar
fluctuations contain the following relations,
0 ¼ d
dr
½fr4ðδϕ10 −mhxrÞ þ
ω2 − k2f
f
δϕ1 −
imω
f
hxt þ
ikm
2
ðhtt − hxx þ hyy þ hrrÞ; ðC1Þ
0 ¼ d
dr
½fr4ðhx0x − hy0y − 2ikhxrÞ þ
ω2 −m2f
f
ðhxx − hyyÞ þ 2ikmδϕ1 þ
2kω
f
hxt − k2ðhtt þ hrrÞ: ðC2Þ
The first equation (C1) is the equation of motion of the scalar fields ϕ1. The second equation (C2) is obtained from
subtracting Gxx −G
y
y ¼ 0. For AdS4, the relevant longitudinal mode is
Ψx ≡ ðhxx − hyyÞ − 2ikm δϕ1: ðC3Þ
The combination m × ðC1Þ − 2ik × ðC2Þ gives the equation of motion,
d
dr
ðr4fΨ0Þ þ ω
2 − ðk2 þm2Þf
f
Ψ ¼ 0; ðC4Þ
exactly the same equation as (35). The longitudinal Ψx and transverseΨy modes always obey the same equation of motion,
so they are dual to each other in general at any m. The duality persists to the asymptotically AdS5 model.
At the self-dual pointm ¼ rh
ﬃﬃﬃ
2
p
, the emblackening factor becomes fðzÞ ¼ 1 −m2z2=2. In this case, the analytic solution
of Eq. (35) can be found [44]:
Ψ ¼ Ψð0Þfiω=f0ð1=r0Þ

2F1

−
1
4
þ ν2
2
−
iω
m
ﬃﬃﬃ
2
p ;− 1
4
−
ν2
2
−
iω
m
ﬃﬃﬃ
2
p ;− 1
2
;
m2z2
2

þ 8r
3
h
3
z3
Γ

5
4
þ iω
m
ﬃﬃ
2
p − ν2
2

Γ

5
4
þ iω
m
ﬃﬃ
2
p þ ν2
2

Γ

− 1
4
þ iω
m
ﬃﬃ
2
p − ν2
2

Γ

− 1
4
þ iω
m
ﬃﬃ
2
p − ν2
2

2F1

5
4
þ ν2
2
−
iω
m
ﬃﬃﬃ
2
p ; 5
4
−
ν2
2
−
iω
m
ﬃﬃﬃ
2
p ; 5
2
;
m2z2
2

; ðC5Þ
where we present the solution in the z-coordinate with f0ð1=rhÞ ¼ −m
ﬃﬃﬃ
2
p
. Using Eq. (36), the shear viscosity is
η ¼ 8
ﬃﬃﬃ
2
p
πr3h
m
Im

i
Γ½1
4
ð5 − i ﬃﬃﬃ7p ÞΓ½1
4
ð5þ i ﬃﬃﬃ7p Þ
Γ½− 1
4
ð1þ i ﬃﬃﬃ7p ÞΓ½− 1
4
ð1 − i ﬃﬃﬃ7p Þ coshðπ ﬃﬃ7p
2
Þ

: ðC6Þ
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The viscosity depends on r3h=m around the self-dual point.
For m ¼ rh
ﬃﬃﬃ
2
p
, noting s ¼ 4πr2h, the shear viscosity at the
self-dual point becomes
ηsd ¼ 0.3253 ×
s
4π
; ðC7Þ
violating the minimum viscosity/entropy density bound.
The result is in complete agreement with the numerical
results in Fig. 1 for μ ¼ 0. It is important to observe that the
1=m dependence of η around the self-dual point does not
seem to be reproducible by the fluid/gravity calculation in
Sec. III B as we can also see from Fig. 1.
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